Nonuniformity dfects in the negativefiective magnetic pressure instability
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Abstract

Using direct numerical simulations (DNS) and mean-fieldations (MFS), the #ects of non-uniformity of the magnetic field
on the suppression of the turbulent pressure is investgdteis suppression of turbulent pressure can lead to aabitisy which,
in turn, makes the mean magnetic field even more non-unifofims large-scale instability is caused by a resulting negat
contribution of small-scale turbulence to theeetive (mean-field) magnetic pressure. We show that enkdanean current density
increases the suppression of the turbulent pressure. Stability leads to magnetic flux concentrations in which leemalized
effective mean-field pressure is reduced to a certain valué@epths within a structure.
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1. Introduction pressure by a weak mean magnetic field, leading therefore to
a negativegffective (or mean-field) magnetic pressure and, un-
The Sun’s magnetic field is generally believed to be due to ey sujtable conditions, to an instabilit¢lpeorinet al., 1989
turbulent dynamo operating in the convection zone in iteout 1990 1996 Kleeorin and Rogachevskil994 Rogachevskii
30% by radius Brandenburg and Subramanja&005 Krause g Kleeorin, 2007. This has been the subject of intensive re-
and Radler, 198Q Moffatt, 1978 Parker 1979 Zeldovichet al., search in recent yearBfandenburget al., 2010 2012 Kapyk
1983. Recent simulations performed by a number of groupsy al., 2012h Kemelet al., 2012ab,c, Losada 2013, follow-
have shown that the magnetic field is produced in the bulk ofng the first detection of such an instability in direct nuier
the convection zone. According to the flux tube scenariotmos:a| simulations [DNS; seBrandenburgt al., 2011. Another
of the toroidal magnetic field resides at the bottom of the-conmechanism that has been discussed in connection with the pro
vection zone, or possibly just beneath@ilman and Dikpali  gyction of magnetic flux concentrations is related to the- sup
200Q Parfrey and Menau2007. Another possibility is that  pression of the turbulent convective heat fliitghatinov &
most of the toroidal field resides in the bulk of the convec-Mazur, 2000. Meanwhile, simulations of realistic solar con-
tion zone, but that its spatio-temporal properties arengio  yection have demonstrated that large-scale magnetic fluxin
affected by the near-surface dynamiiGapylaet al. [20124, or  mpogeneities can develop when horizontal magnetic flux is in-
the near-surface shear lay@r@ndenburg2009. In any case, jected at the bottom of the simulation domaStdin and Nord-
the question then emerges how one can explain the formattion @nq, 2013, but it remains to be seen whether this is connected
active regions out of which sunspots develop during thétife  \yith any of the two aforementioned mechanisms.
of an active region. . . The purpose of the present paper is to investigate the pos-
In the past, this question was conveniently bypassed by resjpility that higher-order contributions (involving high spa-
ferring to the possible presence of a strong toroidal fluk&el 5] derivatives of the mean magnetic field) might play a role
the bottom of the convection zone, where they would be in g8, NEMPI. We do this by using DNS to measure the result-
stable state, except that every now and then they would beécomg turbulent transport cdicients in cases where a measur-
unstable, for example to the clamshell or tipping instébsi  aple mean current density develops in the DNS. Note that even
[Cally et al., 2003. However, if the magnetic field is contin- for an initially uniform mean magnetic field, a mean current
uously being destroyed and regenerated by the turbulence Hensity develops as a consequence of NEMPI itself, which re-
the convection zone proper, the mechanism for producing agistributes an initially uniform magnetic field into a sttuced
tive regions and eventually sunspots must be one that is ablghe To investigate this process further, we use appregyiat
to operate within a turbulent environment. One such mechajlored mean-field simulations (MFS) that show how the spa-
anism may be the negativefective magnetic pressure insta- tjg| variations of the negativeffective magnetic pressure vary
bility (NEMPI) which is based on the suppression of turbtilen i, space as the instability runs further into saturation. he
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gin by discussing first the basic equations and turn thendo thinstability (NEMPI) and the formation of large-scale inhem
results. Throughout this work we use an isothermal equatiogeneous magnetic structures.

of state which yields the simplest possible system to inyats In the nonlinear stage of NEMPI, the mean magnetic field
this process. becomes strongly nonuniform. This implies that the Maxwell
Reynolds stress tenstxﬁ{j may depend also on spatial deriva-
2. Basic equations tives of the mean magnetic field, i.e.,
—f — —_ — — . — —

In this paper we use both DNS and MFS to study thieas ATlj = -36ij0p B® + 0sBiB; + qg B?Gi§j + C1BimBjm
of nonuniformity of the magnetic field of the development of 4+CoBr B + Ca(Bi wB: + Bi B 6
NEMPI. In the DNS, the solutions turn out to have a largeescal B B 2BmiBim, + Ca( "m_ ™ jmBmi) ©)
two-dimensional pattern which can best be isolated using awhereB;j = V;B;. We decomposé; ; into symmetric and

eraging over the direction. Furthermore, by imposing a uni- antisymmetric parts:
form magnetic field, we can determine some of the turbulent — _ — 1 =

transport cofficients that characterize the dependence of the Bij = (9B)ij — 2¢ijmJm. )
Reynolds and Maxwell stress on the mean field. This is genet;here OE)”- _ ;(gij + §ji)_ Substituting equation7j into
ally done by determining the total mean stress equation €) we ozbtain: '

:=pUU + 35.B2—- BB —f — —— —op A
thj =pUil; + 50487 - BB;. @) Allj = -36ij0p B + G5 BiBj + g B*Gi9);
Here, the vacuum permeability is set to unity and overbars in (—2 == ) = —
. . Lo Qs (J 6j—Jdi|— B)im(0B)mj
dicatey averages. This total mean stress has contributions from Gy | I 0ij = Jid; | = GF (OB)im(9B)rm
the fluctuations, 0 (£im (@B)mj + &im (9B)m ) . 8)

II;; = pUL; + 38 b% ~ biby, (2)  Let us consider a mean magnetic field of the foBn =

whereu = U - U andb = B - B are the departures from (0.B,(%.2),0), 50 0B)xy = J2/2, (9B)yz = ~Jx/2 and

the averaged fields. Heté and B are the mean velocity and 1 jf 0 -J3J;
magnetic fields, ang is the mean fluid pressure. This, together (aE)im(aE)mj == 0 32 o | (9)
with the contribution from the mean field, namely 4 ~33, 0 3
X
T =pUU; +6,; (p+ 4B?) - BB - 251, 3) B o
f (8imi (OB)mj + £jm (9B)mi )
yields the total mean stress tensor, i&;,= l‘[i”;Jrl'Ii i The term ji 0 -3.3,
ﬁin; depends only on the mean field and is therefore directly = %[ 0 _JZ 0 ] (10)
— = = =2
obtained in MFS, whiIeHifJ- is caused by the fluctuating velocity -3J; O Jy
and magnetic fields and requires a parameterization. It has a8 Equations §) and ©) yield:
contribution independent of the mean fieﬁ,}o, and one that s 2, =
depends on itAﬁifj (B). Much of the recent work in this field Allg = ~QJ; =3B B, (1)
focussed on the parameterization Aﬁ;y = g 32 + (qS - %Qp) Ez, (12)
—f = == —oa A —f L =2 =2
AT = —30p(8) 6ij B® + 0s(8) BB; + 0g(8) B°Gig;,  (4) A, = ~@J+(dg—3%) B, (13)
whered; = gi/g is the unit vector in the direction of gravity. Aﬁiz = Iz (14)

This difference in the mean stregﬂi:j(ﬁ), is caused solely by
the presence of the mean magnetic fﬁldvhereqp(ﬁ) is found

to be a positive function off = |§|/Beq only, and, for weak nately, we have only 4 equations, but 5 unknowns, so we cannot
magnetic fieldsgp(s) is well in excess of unity for Rg > o Y4 ed T . '

: ) ._abtain all the required transport déeients independently. In
1, thus overcoming the magnetic pressure from the mean fiel

; . the following, we can only draw some limited conclusiong tha
itself. However the functionsis(8) and gy(8) were found to . . . .

. will allow _us to motivate a numerical assessment of the menli
be small for isothermal turbulence. The net result for tha su

—2 =2
ﬁin; . Aﬁij i ear B ,J ) dependence af,.

Whereq](_Ezz,_j;) = u+q /_22+92F/41 o] (Ez,jz) iqu_/Z?_QJ_QF/4,
qp = qp(B ’J )1 qS = qS(B »‘J ) andqg = qg(B "J ) UnfOftU-

—  —f0 _ __
ITij ~ ITj; + 6ij Per(B/Beg) — BiB;, (5) 3. Results

where ey = 3 [1- qp(8)| B? is the mean fective magnetic 3.1 DNSmodel
pressure that is negative f8r< Bit, whereBqi ~ 0.5 (depend- Following the earlier work oBrandenburget al. [2011] and
ing on other details of the system). This results in a lagdes Kemel et al. [2012hc], we solve the isothermal equations for



the velocity,U, the magnetic vector potentiady, and the den-
sity, p

D
pFLtJ = —C2Vp+JIxB+p(f+0g)+V-(2pS), (15)
% = UxB+7V2A, (16)
dp
Zz - _y. 17
e pU, (7)

wherev is the kinematic viscosityy is the magnetic diusiv-
ity due to Spitzer conductivity of the plasmB,= By + V x A

is the magnetic fieldBy = (0, By, 0) is the imposed uniform
field, J = V x B/ug is the current densityyg is the vacuum
permeability,Sij = 3(Ui; + Uj;) — 36i;V - U is the traceless
rate-of-strain tensor. The forcing functiof, consists of ran-
dom, white-in-time, plane, non-polarized waves with aaiert
average wavenumbdg,. The turbulent rms velocity is approx-
imately independent of with ums = (U?)Y? ~ 0.1cs, where ,
Ccs = const is the isothermal sound speed. The gravitational -3 &=
accelerationg = (0,0, —g) is chosen such tha¢H, = 1, so
the density contrast between bottom and top is exp{2535.
Here,H, = c2/g is the density scale height alkg = 27/L is
the smallest_wavenumbgr that_flts into the c_ub|c dom.am @ siz Figure 1: Representations Bf, Per, and the two components dfin the xz
L3. We consider a domain of sig x Ly x L, in Cartesian co-  plane from a DNS with Rg = 18.

ordinates X, v, 2), with periodic boundary conditions in the

andy-directions and stress-free, perfectly conducting bound--0.00 ' ' '
aries at the top and bottonz (= +L,/2). In the following —0.05
we refer toks/k; as the scale separation ratio, for which we
choose the value 30 in all cases. For the fluid Reynolds num-0.10
ber we take Re= ums/vks = 18, and for the magnetic Prandtl
number Py = v/n = 0.5. The magnetic Reynolds number is
Rey = PryRe. In our unitsyg = 1 andcs = 1. The simulations  —-0.20
are performed with thesRcr. Cope! which uses sixth-order ex-
plicit finite differences in space and a third-order accurate time™

-0.15

0.25
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stepping method. We use a numerical resolution of 286sh —-0.30 . . .
points. Inthe MFS we also use 128 meshpoints, but because the 0.0 0.2 0.4 0.6
MFS are two-dimensional, our resolution is £28esh points. g

In the model presented below, thextent is however slightly

blgger:Z/HP is 8 instead of 2. Figure 2: The 3 diagonal components of the ten’ﬁ[;x (solid, black),Aﬁfyy

—f
dashed, blue), andIL,, (dotted, red), normalized b2, with a zero current
3.2. DNSresits Eiensity. ) z ( ) B2,

In all cases, we consider a weak imposed magnetic field in
they direction. In Fig.1 we showy-averaged visualizations of
the normal component of the magnetic fieBj, together with
the two components of the mean current dengitys —6§y/6z,
andJ, = 6§y/6x, and the normalizedfkective magnetic pres-
surePer = Al /B2,

As a result of NEMPI, the field in thgz plane gets concen-
trated in one position and diluted in another; see the firsepa
of Fig. 1. This leads to an equilibrium in which the resulting
reduction of the turbulent pressure i§set by a corresponding from the tensorgxl'lxX andAH in the directions perpendicular
increase in the gas pressure and therefore a correspomding to the mean magnetic field.
crease in the density. The nonuniformity of the magneticifiel In the following we want to study the possibl&exts of cur-

rent density on the resulting mean-field (dfeetive) magnetic

pressure. We find thaﬁtﬁfXZ vanishes, which implies thgg = 0

implies a non-vanishing current density which is best seekh i
(lower right panel of Figl), but this is mainly because of en-
hanced fluctuations resulting from variations in #direction.

In Fig. 2 we show three diagonal components of the tensor
AHXX, AH andAsz, normalized byBgq in turbulence with a
zero mean current density. Fig.demonstrates that the tensor

—f . e
Allyy in the d|rect|on of the mean magnetic field idfdrent
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Figure 4: Like Fig.3, but compensated by/(1 + jz/kﬁ B3y for kyH, = 4.
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Figure 3: Normalized diagonal componemﬁfXX andAﬁ;y as a function of -0.25 ? E
B, for vanishing mean current density (black, solid line), points with low 0.30 F
(dashed, blue,.@5 > 32H§/B(2) > 0.1) and higher current densities (dotted, red, o e
0.0 0.2 0.4 0.6

0.25 < J2/HZB3).

see Eq. 14). On the other hand, sina&ﬁix ~ Aﬁfzz, the coef-

e ) . . : Figure 5: Dependence (5) on the value of (in units ofk;c2). Note that
ficient gy vanishes or is small. In Fi®@ we show two diago- 9" p r(f) value 00 (in units oflac)

s — the depth of the minimum decreases with increasing gravity.
nal componentall,, andAIl,,, normalized byng for differ-

ent mean current densities. Inspection of Bghows that the . ) . L=
mean current density increases the negative minimum offthe eSLICh a simple configuration of the mean magnetic fiéld-

. ) N 0,By(x. 2).0).
fective magnetic pressure characterized\by,,. This implies (0.By(x.2.0)
that an enhanced current density increasesftieeteof negative 3 g Gravity effectsin DNS
effective magnetic pressure, i.e., they intensify the foromati

of magnetic structures. Therefore, Efj1) allows us to deter- We mention in passing theffect of changing gravity. It is

) —f _o _ i clear that increasing gravity enhanced the anisotropyeofih
mineqp = —2AllL,,/B and the meanffecnve magnetic pres-  pylence, which seems to have a reducifige on the negative
Sureper = [1 ap(B) B - AHXX + 1B In agreement with  effective magnetic pressure; see F3g.The reason for this is
earlier studles$randenburgat al., 2013 we find a clear neg- at the moment not well understood. We emphasize that this ef-
ative minimum inPe;(B8) ats ~ 0.25. However, as the current fectis connected with, and not withgg that was introduced in
density increases, the minimum Bf;(8) deepens, suggesting equation 4).
that NEMPI might turn out to be stronger than originally ati
pated based on the dependefizg(B) that does not distinguish  3.4. MFS
between strong and weak current densities. A reasonabte fitt Next, let us investigate the spatial variationg?af in a cor-
such a behavior would be of the form responding MFS. We use the paramefgrandg, that are ap-
= 202 propriate in the regime investigated in the DNS above, ngmel
Mo = —3(1+J /k Bzo)%o(5) CE (18) mo/UrmsH, = 1072, corresponding tésH, ~ 30, Bo/Beqo = 0.4,
wherek; is a free parameter. In Figwe show thatwe cangeta g, = 0.32 andB, = 0.05. The result is shown in Fig, where
good fit to the data fdk;H, = 4. Note further that equatiod)  we plot in the upper panel thez dependence dPe;. Since
has two unknowns|,"and gs which cannot be determined for the domain is periodic in thg direction, we were able to shift

4



P st 4. Conclusions

The present results have shown that NEMPI tends to develop
sharp structures in the course of its nonlinear evolutiohis T
becomes particularly clear from the MFS presentefBid. The
results of§3.2 suggest that this might have consequences of an
intensification of NEMPI with increasingl|, as was demon-
strated using DNS. At present it is not clear what is the appro
priate parameterization of thisfect. One possibility is that the
J dependence enters in the same way a$tdependence, i.e.,
M = —3(1+ 32/k§B§q)qp(ﬁ) B°, where we treak; as a free
parameter, although this might be a naive expectation glven
small number of data points and experiments performed.

The present results are just a first attempt in going beyond
the simple representation of the turbulent stress in tefriei
mean field along. Other important terms include combination
E with gravity as well as anisotropies of the fordnJ;. Further-

3 more, if there is helicity, one could construct contribngao

i the stress tensor using products of the pseudo-tedsBysaind

— iji with the kinetic or magnetic helicity. Such a construc-

3 tion obeys the fact that the Reynolds and Maxwell tensors are
— proper tensors. Such pseudo-tensors might play a role sothe

E lar dynamo where the effect is believed to play an important

0.01F

0.00 &
_ -0.01F
~0.02f

-0.03f

—0.04E . . .

role. However, nothing is known about the importance or the
-8 -6 _g‘( -2 sign of such #&ects. It would thus be desirable to have an accu-
2/H, rate method that allows one to determine the relevant terul
0.01F transport cofficients.
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