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Abstract. We present numerical results for mean-field a?Q-
dynamos in an accretion disk. We first study the linear case in
both disks with constant thickness and disks with radially in-
creasing thickness. The preferred mode is dipolar for a thick
disk, but quadrupolar for a thin one. The quadrupolar mode
generates a magnetic torque that transports angular momentum
outwards. The role of the geometrical distribution of both the
a-effect and the magnetic diffusivity in the disk is considered
for thin disks. It is found that the parity of the most easily ex-
cited mode is unaffected, albeit the distribution of the magnetic
field and torque change in such a way that a larger fraction
of the field and the torque appears in regions with small dif-
fusivity. For some interesting cases we study nonlinear effects
like a-quenching and magnetic buoyancy. These effects can af-
fect significantly the magnetic field distribution, compared to
the linear case. A transition to chaotic behaviour is found for
a-quenching when « is negative in the upper part of the disk.

Key words: accretion: accretion disks — (MHD) — novae, cata-
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1. Introduction

The role of magnetic fields in accretion disks is still largely un-
known, but they possess a great potential for important effects
(e.g. Blandford 1989), such as driving the accretion through the
magnetic torque on the disk and collimating outflowing ma-
terial to a jet. There is a growing body of observational facts
indicating the presence of magnetohydrodynamic processes in
accretion disks. Some of the most interesting examples are the
radio outbursts of Cyg X-3 and 3C 120 (Shields & Wheeler
1976), the magnetism of meteorites (Levy 1978) and the be-
haviour of Balmer emission in cataclysmic variables (Horne &
Saar 1991), which are described in more detail below.
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The most direct probes of the protosolar nebulae are sur-
viving primordial material like comets and carbonaceous chon-
drites. Levy (1978) notes that carbonaceous chondrites are nor-
mally permanently magnetised. As they seem to be unprocessed
remnants of the primordial solar nebulae, there must have been
a magnetic field in that part of the solar nebula, where the car-
bonaceous chondrites formed. This magnetic field could have
been sustained by a dynamo. A counter argument against this
hypothesis has been that most of the solar nebula was cold and
neutral. However Levy (1978) argues that it could have been
ionised by the radioactive decay of 2°Al. Another possible ion-
ising agent is cosmic rays, and Stepinski (1992) shows that this
may in fact be a more efficient way of ionising the solar nebulae.

Shields & Wheeler (1976) discuss two ways of generating
radio outbursts. Firstly, they look at how much magnetic energy
that can be stored in an accretion disk while still being consistent
with the magnetic field acting as a source of viscosity in the
disk. For reasonable physical parameters they show that the
total energy released in the outbursts of 3C 120 can be stored
in the accretion disk, but that this is not possible for Cyg X-3.
Secondly, they look at the rate of generation of magnetic energy
by the winding up of the field lines due to the differential rotation
of the accretion disk, and compare this with an estimate of the
rate of release of energy during the outburst. They find that
in the outbursts of both 3C 120 and Cyg X-3 magnetic energy
could be regenerated at the same rate as energy is released. Thus
magnetic flares are a possible explanation for the radio outbursts
in these objects.

Strong observational evidence for dynamo action in accre-
tion disks comes from the study of the strength of emission lines
from the accretion disks of cataclysmic variables by Horne &
Saar (1991). They have mapped the strength of Balmer emis-
sion, Hf, in accretion disks by using Doppler tomography (e.g.
Marsh & Horne 1990). Their results show that the variation of
the strength of the Balmer line emission along the disk radius
is proportional to the Keplerian angular velocity. This should
be compared to the well known fact that emission lines indica-
tive of chromospheric activity in stars, primarily Call H and
K, but also the Balmer lines, have line strengths proportional to
the stellar angular velocity (e.g. Skumanich 1972, Noyes et al.
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1984). Unfortunately no maps of disks in Call H and K have
been presented so far, due to that these lines are blended with
adjacent Balmer lines.

All the facts mentioned above emphasise the importance of
improving our understanding of the processes creating the mag-
netic fields in accretion disks and the distribution of the field in
the disk. The common approach to describe the production of
magnetic fields in stars with outer convection zones is the mean-
field dynamo (e.g. Krause & Rédler 1980). The idea behind the
mean-field formalism is to express the magnetic and velocity
fields as the sum of an averaged field and a fluctuating field. In
this way the induction equation can be split into two coupled
equations describing, respectively, the evolution of the mean and
the fluctuating magnetic field. There is an additional term in the
mean-field equation resulting from the correlation between the
fluctuating magnetic and velocity fields. This term represents
both the generation as well as the destruction of the mean mag-
netic field due to the turbulent motions, i.e. the a-effect and the
turbulent magnetic diffusivity. It is thus possible to calculate
the mean magnetic field with only a limited knowledge of the
fluctuating fields.

This concept has been extended to galaxies in order to ex-
plain the observed magnetic fields of spiral galaxies (e.g. Parker
1971, Stix 1975, Rosner & DeLuca 1989). The first attempts at
modelling a dynamo in an accretion disk were made by Taka-
hara (1979) and Pudritz (1981). These early investigations were
purely analytical, and the first numerical calculations were car-
ried out by Stepinski & Levy (1988, 1990b, hereafter referred
to as SL88 and SLI0, respectively) who solved an eigenvalue
problem. Numerical calculations have also been carried out by
Camenzind (1991) using a time-stepping method based upon a
finite element method. Time-stepping methods have the general
advantage of being suitable for nonlinear dynamos.

In this paper we present numerical computations of a mean-
field dynamo acting in an accretion disk. Our method and the
basic features of our model are presented in Sect. 2. The results
of our code are compared with the work of SL88 and SL90
in Sect. 3. In Sect. 4 we study the effect of changing the disk
geometry, and thus determine the importance of the geometrical
distribution of the a-effect and the magnetic diffusivity on the
magnetic field. Sect. 5 explores the nonlinear quenching and the
effect of magnetic buoyancy on the dynamo. Both the effects of
changing the geometrical distribution of the induction effects
as well as nonlinearity have not fully been explored in previous
work. Finally, Sect. 6 is devoted to a discussion of the results.

2. Governing equations and numerical methods
2.1. The dynamo equation

The evolution of the mean magnetic field is described by the
induction equation
0B

57 = VX @xB+aB -nyuld),

where u is the mean field velocity, a the parameter describing
the isotropic effect of the turbulence on the magnetic field, (not

V-B=0, (1)
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to be confused with the a-parameter employed in the thin accre-
tion disk theory of Shakura & Sunyaev 1973), 7, the turbulent
magnetic diffusivity, 119 the magnetic permeability of free space,
and J = V x B/ the electric current. We take u = ¢wS,
where w is the distance from the axis, and € the angular veloc-
ity.

In the present paper we ignore the anisotropy of the a-tensor
and the magnetic diffusivity, although it may be of importance
(Riidiger 1990), especially for the generation of nonaxisym-
metric magnetic fields. In accretion disks differential rotation
is relatively strong, which leads to a rapid winding up of non-
axisymmetric mean magnetic fields, and thus to their enhanced
dissipation. Therefore the neglect of anisotropies and nonax-
isymmetric field generation is partially justified.

As measures of the strength of the a-effect and the differ-
ential rotation we introduce the dynamo numbers

OAQR
Cy = s 2
Tldisk @
and
2
Cq = B &)
Tldisk

where oy is a typical value for «, R the outer radius of the disk,
Naisk the magnetic diffusivity inside the disk at the radius R, and
Qp the maximum of the angular velocity in the disk.

The medium outside an accretion disk is usually believed
to have a very low effective conductivity (e.g. SL88). This may
best be modelled by adopting a vacuum boundary condition on
the surface of the disk, which requires solving a Laplace equa-
tion for the potential of the magnetic field outside this surface.
Since this is difficult in an arbitrary geometry we follow here the
approach of embedding the disk into a sphere with lower con-
ductivity, for which the vacuum boundary condition can easily
be formulated. This method was first used by SL.88 in the con-
text of accretion disks. According to the standard theory for thin
disks the turbulent velocity is much larger than the velocity of
matter inflow. We will therefore neglect the radial velocity, even
though the disks considered below cannot be regarded as thin.
Note, however, that Riidiger et al. (1993) included the effects of
a magnetically induced accretion flow on the dynamo.

Eq. (1) is solved in spherical polar coordinates, r, 8, ¢. The
assumption of axisymmetry means that all quantities are inde-
pendent of the azimuthal angle ¢, but we allow toroidal magnetic
and velocity fields. It is then advantageous to write B = b$+B ,

- where By, =V x (a), and the subscript p denotes the poloidal

component. The dynamo equation reduces then to two equations
for a and b. In two dimensions, Eq. (1) can be written as

(Ot - n¢D2) a=ab C))
and

(815 —ntDZ)b=aj+$~ [Va X By, — V1, x Jp]
+wB, -V, ®)
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where j = —D?a is the current density, and D? the Stokes
operator with D%q = —(2) -V x V x (aé&). Dimensionless units
are employed as defined below.

We solve Egs. (4) and (5) using a time-stepping method
described in more detail in Brandenburg et al. (1989). Unless
stated otherwise we use a timestep of 5 10~ magnetic diffusion
time units, and a 41 x 41 or 41 x 81 grid for computations on
one or two quadrants in the meridional plane, respectively.

2.2. Units

To make the variables dimensionless we choose the units

[r]= R, [t]= R?*/nas, [u] = naisk/R,
(B] = [u] (4opo)'/? 6)

where py is the typical density in the disk at the radius R, and
R is taken as approximately six times the inner radius of the
disk, which will include the most strongly radiating parts of
the disk. In order to get some feeling for the dimensions we
give rough estimates for several types of objects surrounded by
accretion disks: a magnetic neutron star (NS), a stellar mass
black hole (SMBH), and the black hole in an active galactic
nucleus (AGN). There is no separate entry for a white dwarf,
because the disk of a moderately magnetic white dwarf would
appear similar to the disk of the neutron star, even though the
total amount of energy released will be much larger for the
neutron star, as it is much smaller. These estimates are presented
in Table 1, where we have assumed a standard thin accretion
disk with the Shakura & Sunyaev (1973) viscosity parameter
ass = 0.1. Several of the quantities given in Table 1 are directly
accessible from the Shakura-Sunyaev model and were evaluated
at radius R. An upper limit for the magnitude of the a-effect
is ag ~ 2p€2y, where zy is the half-thickness of the disk and
o the maximum angular velocity in the disk, assuming that
the turbulent correlation length cannot be larger than zp. By
assuming that the magnetic Prandtl number is of order unity we
can set the turbulent magnetic diffusivity 7 equal to the turbulent
viscosity ¥; = ags2pcs as given in the Shakura-Sunyaev model,
where ¢; = %€ is the speed of sound. Finally we also give the
ratio € = 2o/ R and the plasma 3 = 2(1op/ B2. Note that in order
to simulate a vacuum surrounding the grid we have to choose
Nou for the part of the grid outside the disk to be much larger
than ngisx inside the disk.

The small dynamo numbers for the supermassive black hole
in an AGN is due to our choice of a relatively modest mass for
the black hole and a high accretion rate, which results in an
accretion rate close to the Eddington limit, implying that the
thin disk theory is invalid and the estimate strictly irrelevant.
However we keep it as a warning against naively applying the
theory of thin accretion disks, which will yield unrealistic results
at too high accretion rates.

2.3. The disk model

We now specify the angular velocity, the a-effect and the mag-
netic diffusivity in the disk. The angular velocity is well known
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Table 1. Typical parameters for some accretion disks. The parameters
for the AGN has been chosen to achieve an accretion rate close to the
Eddington limit. In this case thin disk theory becomes invalid, and our
formal estimates therefore unrealistic

Object NS SMBH AGN
M(Mg) 1 10 107
R (m) 2107 610° 610"
M (Mg yr™"  107° 2107° 1
Cq 100 400 1
Caq 10° 10° 10
I3 0.0l  0.004 1
Naisk (M?s™H) 10 410% 310"
[£] (s) 40000 900 10000
[u] (ms™h) 500 700 610’
p(kgm™3) 21072 30 3107°
[B] (D) 0.07 4 3
Jé] 210* 10° 310°°

in the theory of thin accretion disks where one assumes that the
disk is centrifugally supported in the radial direction. Here we
adopt profiles for o and €2 that closely resemble those used by
SL88. We will thus assume that the rotation is Keplerian in the
outer parts of the disk, but that it turns over to rigid rotation in
the innermost part of the disk in order to avoid a singularity in
the angular velocity on the polar axis.

R/ 3\/n /2]~
ok @) T o

where wy is the distance from the rotational axis to the point
where the rotation changes from being rigid to Keplerian, z the
vertical coordinate, and zg the half-thickness of the disk. The in-
dex n should be large to provide a sharp transition from rigid to
Keplerian rotation. In practice we put n = 10 as a compromise
between a sharp turnover and numerical roundoff errors. Note
that in most cases we set the angular velocity outside the disk
to zero (in a similar fashion as for the a-effect below), which
gives a strong vertical gradient in Q at the disk surface. How-
ever, comparing solutions with and without rotation outside the
disk, we do not find any significant differences in the resulting
magnetic field. Note that in some of our calculations below the
rigidly rotating part of the disk is replaced by an inner cavity
which behaves as a vacuum.

It is harder to give expressions for the a-effect and the tur-
bulent diffusivity, as these depend on the ill-known properties of
turbulence in the disk. However some authors have tried to give
qualitative estimates of the functional form of these quantities
(e.g. Stepinski & Levy 1991). We use an a-effect of the same
form as that used by SL88, SL90:

o= aoz%F(z), )
where
F(2)=[©(z+20) — ©(2 — 20)], ()]
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and © is the Heaviside step function which, in practice, is ap-
proximated by the continuous function %[1 +tanh(z/d)], where
d=0.2.

For the first test cases we used a magnetic diffusivity given
by
T = Nout + (Mdisk — Mour) F'(2), (10)
where oy /Naisk = 10 — 50. This is similar to SL88, but note
that they used a ratio of 200, whereas we only could increase
the ratio to 50 for a few test cases. Large diffusivity ratios are
numerically expensive to handle, because of the wide range of
time scales involved. Recent experiments showed however that
a much larger diffusivity ratio can be handled if we force all
induction effects (in particular the differential rotation) to be
zero outside the disk.

3. Test cases

In this section we present critical dynamo numbers, i.e. the min-
imum values of C,,C, required for dynamo action, for pure par-
ity modes for models that have previously been considered by
SL88. SL88 also use spherical polar coordinates and their re-
sults, as well as ours of test calculations for constant 7, and
a « cosf, are in perfect agreement with those of Roberts
(1972). Hence, in the calculations presented in this section,
we basically test the implementation of the disk structure in
the model. We also present results for uniform disk thickness,
which should be in qualitative agreement with those of SL90,
who used a cylindrical geometry and a much thinner disk than
we do.

Since the induction effects, differential rotation and a-effect,
are either symmetric or antisymmetric about the equatorial
plane, the marginal modes are also either symmetric (SO) or
antisymmetric (A0) about this plane, where “0” denotes ax-
isymmetry. Symmetric (antisymmetric) modes are referred to
as quadrupolar (dipolar) modes. We will calculate the dynamo
modes for both positive and negative C,, although we only
expect positive C,, to occur in real disks. The sign of C, is
indicated by + or — on the symbol for the mode.

3.1. Radially increasing disk thickness
The model calculated by SL88 was for a flared disk, i.e. with

radially increasing thickness, described by

an

2o(w) = (o + (w,

where {p = ¢ = 0.25.

For this disk configuration we calculate the critical dynamo
numbers for the lowest dipole and quadrupole modes. Those
numbers are presented in Table 2. To check the importance of
the angular velocity outside the disk we study two cases. In case
Iwe keep the angular velocity constant on cylinders even outside
the disk, whereas it was put to zero outside the disk in case I. We
also give the angular frequency w = 27 /T for oscillating modes
in Table 2, where T is the period. The dynamo numbers and
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angular frequencies can be compared with the results of SL88,
which are also given in Table 2. Note that we have taken the
square of their dynamo numbers to get C, Cq;. The most striking
difference between their results and ours is that the magnitude
of their dynamo numbers are systematically larger than ours
(compare columns I, IT and SL88). This may be due to the fact
that they were able to use a larger relative difference for the
magnetic diffusivity. To check the importance of the magnetic
diffusivity we increased the ratio 7oyt /7disk to 50 for case II, and
calculated the lowest modes. These results are given as case III
in Table 2. The results for the AO mode with C,Cq < 0 are
now much closer to the corresponding numbers in SL88, but for
the other modes the dynamo numbers become larger than the
corresponding ones in SL88. We may also note from Table 2
that the discrepancies get marginally smaller for case II, which
could be interpreted as this being a more truthful representation
of a surrounding vacuum. On the other hand, we do not note
any improvements for the angular frequencies. The remaining
discrepancies might also result from a lower resolution in SL88
(20 x 20). The main conclusion from Table 2 is that the most
easily excited mode is dipolar for C, > 0 and quadrupolar for
C, <0.

3.2. Magnetic field geometry for flared disks

Depending on the sign of the dynamo number C,C, we ob-
tain oscillatory solutions with field migration either towards the
disk plane (C,Cq > 0) or away from it (C,,Cq < 0). The
vertical field migration is accompanied by an additional motion
in the w-direction: field belts moving towards the disk plane
are pushed outwards before they fade away, whereas field belts
moving away from the disk plane turn towards the axis before
they disappear. The maximum of the toroidal field strength oc-
curs at w =~ 0.3, which is close to the position of the maximum
shear. The field geometry of AQ and SO solutions is roughly
similar in most of the disk and there are differences only in the
immediate vicinity of the disk plane.

The evolution of the magnetic field and torque for the most
easily excited mode is displayed in Fig. 1. Note that the zero
point in time has been chosen arbitrarily. The magnetic field
can be compared to Fig. 2 in SL88 and the magnetic torque to
Fig. 2 in Stepinski & Levy (1990a). The torque is given by

r=wd-(J x B). (12)

The agreement with their calculations is good. Notice the ex-
istence of regions with negative torque and that the magnitude
of the negative torque is greater than that of the positive torque.
This suggests that the magnetic torque can contribute to the
transport of angular momentum and drive the accretion. How-
ever, one should keep in mind that the strength of the magnetic
field and thus the strength of the torque is undetermined for
a linear dynamo. The magnetic torque is concentrated to par-
ticular areas in the disk and so the accretion would be highly
nonuniform. At this point we need to remember that the fluctu-
ating part of the magnetic field should also be included. Given
our limited knowledge of the torque exerted by this small scale
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Table 2. Comparison of the critical dynamo numbers C.Cq and the angular frequencies w for flared disks with { = (o = 0.25 and =y = 0.25.
The diffusivity ratio nou /7aisk is 20 in cases I and II, and 50 in case III. C = 10070u/naisk- The angular velocity outside the disk is put to zero
in cases II and III. The lowest critical dynamo numbers are printed in bold face

CaCa w
I: I 111 SL88 1 I III SL88
SO 24000 25000 33000 29000 390 410 480 390
A0 16 000 17 000 22000 19000 280 290 330 280
SO —27000 —27000 38000 —35000 590 600 650 560
A0 —29000 —30000 —40000 —40000 520 520 720 660

t = 0.0026

max = 4.0 max =

t = 0.0053

@H

min = -24, max = 13 min = —-35, max = 4 min = —44, max = 7 mi = —-36, max = 15

min = -252, max = 101 min = —-308, max = 130 = 144

Fig. 1. The evolution of the most easily excited dynamo mode, A0*, in a disk with ¢y = ¢ = 0.25 and wy = 0.25 during almost half a cycle
period. The dynamo numbers are Cq = 2000, C,Cq = 17000, and the magnetic diffusivity nou/naisk = 20. In the upper row field lines of
the poloidal field By, are displayed. In the middle and last rows we show contours of the toroidal field B, and the torque 7. The minima and
maxima of the fields are given. For the poloidal magnetic field only the maximum strength is given. Solid contours mark positive values and
dashed contours negative values. In the first row solid (dashed) contours denote clockwise (counterclockwise) orientation. The disk boundary
is indicated by a solid line
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field, one should consider the results for the torque due to the
mean magnetic field alone with suitable caution.

3.3. Disks with uniform thickness

In Table 3 we present critical dynamo numbers for disks with
constant thickness and wy = 0.25. These numbers are given for
Coq = 2000 and 20000. Since C, Cq is not very different in these
two cases we can deduce that we are in the af2-regime. There
is perfect agreement between the dynamo numbers for the most
easily excited mode in the two cases. For disks with uniform
thickness SL90 calculated critical dynamo numbers using an
af)-dynamo both for disks surrounded by a vacuum and disks
surrounded by an electrically conducting medium. Their models
were calculated in a cylindrical geometry imposing approximate
boundary conditions in z, that allowed the disks to be thinner
than we could achieve in our spherical geometry. Thus, we can-
not make any quantitative comparison with SL90. However we
may note that they also find that the easiest excited mode is SO*.
For a disk of relative thickness h/r = 0.05 and w,/R = 0.05
they obtain the critical dynamo number C,Cg, = 81. Note also
the difference in the sign of the definition of the dynamo num-
bers, which is due to the minus sign on the right-hand-side of
Eq. (7) in SL90.

An important difference between our model and the model
employed by Stepinski and Levy is that their model has rigid
rotation only in the innermost 5%. It would require a substan-
tially larger grid resolution to have such a small zone with
rigid rotation. Instead we calculated a sequence of models for
wo = 0.25,0.15 and 0.1; see Fig 2. Because of numerical sta-
bility requirements we had to decrease the timestep for models
with @ = 0.15 and 0.1 t0 2.5 1076 and 1.25 10~°, respectively.

There seems to be some qualitative disagreements between
our results and SL90, because SL90 obtain an oscillating A0~
mode whilst we find a steady one. This is a result of the smaller
value of wy. In Fig. 2 we display the critical dynamo numbers
for the different modes as a function zoy. For small values of
o the AO™-mode becomes oscillatory. Another discrepancy is
that SL90 found it easier to excite a SO~ -mode than an AQ~-
mode, while the reverse result is seen in Table 3. Figures 2 and
3 demonstrate that this too is an effect of the thinner disk with
a smaller region of rigid rotation in SL90. Note that for the
zp = 0.15 model in Fig. 3 we used a 63 x 64 grid and a timestep
of 2.51076, otherwise we employed the same grid size as be-
fore, as tests with higher resolution did not show any significant
differences. For an analytical approach to the determination of
the disk modes see Soward (1992).

3.4. Magnetic field geometry for disks with uniform thickness

The field configuration of the most easily excited dynamo mode
for a disk with g = 0.15 and 2 = 0.2 is displayed in Fig. 4. As
this is a steady dynamo it is sufficient to display the magnetic
field at one time. Note the simple topology of the quadrupole-
type field and the strong concentration of the negative magnetic
torque to the inner part of the accretion disk.
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[
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—1x1091 . . 2e0h 50
010  0.15 020 025  0.30

o

Fig. 2. The critical dynamo numbers for disks with zp = 0.2 and
Tou/Maisk = 20 as a function of . The numbers next to the data
points give the angular frequencies multiplied by oy for oscillating
modes. Note that it is slightly easier to excite the SO~ -mode than the
A0~ -mode for zog = 0.1

4000 F ]
8 02

soook TR ,IOOAO’ .

S: o e e —o SO
Us +
~2000 F ]
]
—4000 ]

0.25 0.30

Zg

Fig. 3. The critical dynamo numbers for disks with g = 0.25 and
Tout/Naisk = 20 as a function of 2. CoCq has been multiplied by 23 to
emphasise the behaviour of the SO™- and AO™-modes. The numbers
next to the data points give the angular frequencies multiplied by z
for oscillating modes

Nonoscillatory magnetic field configurations are always ob-
tained for positive parity when C,,Cq > 0, and sometimes for
dipolar fields when C,,C < 0. Apart from the fact that the field
pattern is flatter for smaller values of 2y there are no other sig-
nificant differences in the resulting field geometry that depend
on 2.

There is a clear difference in the distribution of the magnetic
torque for the oscillating dipole mode and the steady quadrupole
mode. The distribution of the torque is simple with a strong
concentration of negative torque to the inner parts of the disk for
the steady quadrupole mode. For the oscillatory dipole mode the
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—-282, max = 37

min =

Fig. 4. The most easily excited mode, SO* (steady), for a flat accretion disk with zop = 0.15 and 2y = 0.2; Model 0 in Table 4. To the left is
shown the poloidal magnetic field, in the middle the toroidal field, and to the right the magnetic torque

Table 3. Critical dynamo numbers for disks with uniform thickness
zZ) = 0.2, nom/ndisk = 20, and wo = 0.25

CQ OO,CQ w

S0 2000 6300 steady
A0 2000 62000 510
SO 2000 —89000 880
A0 2000 —80000 steady
SO 20000 6300 steady
A0 20000 69000 560
SO 20000 —120000 1100
A0 20000 —150000 steady

torque has a complicated distribution with alternating regions
of positive and negative torques.

It appears that a quadrupolar field is more efficient in pro-
moting accretion. This is in partial agreement with the calcula-
tions by Riidiger et al. (1993) for galactic dynamos. They find
accretion in quadrupolar fields, but mostly excretion in dipolar
ones, except for weak accretion in a small region in the outer part
of the disk. Our finding of locally accreting regions in a dipolar
field is not necessarily in contradiction with their results, be-
cause different measures for the torque have been employed.
Whereas we use a vector relation to calculate the local torque
at every grid point, Riidiger et al. employ a vertical average
of B, Bg. A more rigorous conclusion concerning accretion in
a dipolar field would require a realistic model for the vertical
stratification of the disk and the simultaneous solution of the
induction and momentum equations.

From the test calculations presented above we conclude that
there is good quantitative agreement with the results of SL88,
and also qualitative agreement with SL90. The steady A0 solu-
tion for C,,Cq < 0 changes to an oscillatory mode for small
o, which is in agreement with SL90.
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[ 193
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Fig. 5. The critical dynamo numbers for a flared disk with { = {p = 0.15
and 7jou /Naisk = 20 as a function of wy. The numbers next to the data
points give the angular frequencies multiplied by g for oscillating
modes. tog = 0.15 corresponds to Model a in Table 4

4. Effects of the geometrical distribution of o and 7g;5¢
4.1. The significance of the geometrical thickness of the disk

To investigate the importance of the thickness of the disk we
take the disk model from SL88, but decrease {y and ¢ to 0.15. It
turns out that the properties of the dynamo now become similar
to those of flat disks. The critical dynamo numbers are given as
Model a in Table 4 for @y = 0.15. For comparison the corre-
sponding dynamo numbers for a flat disk with wp = 0.15 and
2o = 0.2 are presented as Model 0. To check the influence of
the inner rigidly rotating region we calculated the critical dy-
namo numbers for disks with different wy. We had to decrease
the timestep to 2.5 107 and 1.25 1076 for @y = 0.15 and 0.1,
respectively. These results are presented in Fig. 5. Note that
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Table 4. Critical dynamo numbers for disks with different geometrical properties; see text. The numbers given in parenthesis are the angular
frequencies. The three last columns describe the variation of 7k With position in the disk, and the geometrical shape of the disk. zo = 0.15.

2p = 0.2 (for flat disks) or ¢ = (o = 0.15 (for flared disks)

S0* AO* S0~ A0~ Thdisk geometry
0 5000 (steady) 44000 (760) —64000 (1300) —72000 (1300) const. flat no cavity
a 4800 (steady) 58 000 (870) —-79000 (1400) —94000 (1700) const. flared no cavity
b 7400 (steady) 110000 (1100) —150000 (1900) —150000 (1800) const. flared cavity
c 9600 (steady) 99000 (1100) —140000 (1900) —130000 (1900) const. flat cavity
d 27000 (steady) 290000 (450) —510000 (2300) —560000 (2600) o z3Q flared cavity
e 3100 (steady) 24000 (1200) —32000  (950) —31000 (1900) o w'/? flat  cavity

the general behaviour is similar to that for disks with uniform
thickness.

4.2. A gap between the disk and the central object

In several types of objects the disk will not extend down to the
compact object. This is the case for instance when the central
object is a black hole. Then the inner radius of the disk will
coincide with the marginally stable orbit at 3Rs, where Rs is
the Schwarzschild radius, which determines the location of the
event horizon. From an electromagnetic point of view the hori-
zon can be considered as a conductor with a certain resistance
(Thorne et al. 1986), and in the following we approximate it
with a perfect conductor at Rg = 1.

The inner radius of the disk is included by multiplying
Eq. (9) and the second term in Eq. (10) by a factor © (wp — @)
where wy = 3Rs. Apart from these modifications relativistic
effects are, however, neglected. We study two models with a
central cavity: a flared disk with @y = (o = ( = 0.15,and a
flat disk with @y = 0.15 and zy = 0.2, which correspond to
Models b and ¢ in Table 4. In those cases the event horizon is
represented by the inner border of the grid, which is a perfect
conductor at 7 = 0.05. The volume between the inner edge of
the disk and the event horizon is assumed to behave as a vac-
uum. For these calculations we use a timestep of 2.5 1075, The
most easily excited dynamo mode for C, > 0 is displayed in
Fig. 6.

4.3. The influence of the distribution of the magnetic diffusivity

Lacking a detailed knowledge of the magnetohydrodynamic
properties of an accretion disk it is reasonable to assume a con-
stant turbulent magnetic Prandtl number in the accretion disk,
and then the magnetic diffusivity will be proportional to the tur-
bulent viscosity, which is assumed to obey the prescription by
Shakura & Sunyaev (1973). In this way we get
Naisk = Pry; oss 22, (13)
where Pry; is the magnetic Prandtl number. We employ this
prescription directly for our flared disks setting 7ou /7disk to 20
at the outer border, but note that for a more realistic disk zg is
roughly proportional to . Due to the limited grid resolution we

were unable to simulate a disk that would be both sufficiently
thin and have the correct slope. In general we should make 7gisk
approximately proportional to w!/2. We tested such a depen-
dence of 74isk, but using still the same flat disk geometry. This
prescription of 7gisx was normalised such that 7y /Ngisk = 10 at
the outer boundary.

The results of these calculations are presented in Table 4
as Models d and e. Typical magnetic fields and torques for the
most easily excited modes are presented in Figs. 7 and 8. Com-
paring Figs. 6 and 7, it is evident that the magnetic field is more
evenly distributed in Fig. 7. Because the magnetic diffusivity is
now higher in the innermost part of the disk, the dynamo be-
comes less efficient there. The opposite effect is demonstrated
in Fig. 8, where the diffusivity is smallest in the inner part of the
disk. The magnetic field and the torque are now more strongly
concentrated to the inner part of the disk.

5. Nonlinear dynamos

There are several ways in which nonlinear effects are important
and modify the linear results presented above. On the global
scale the magnetic field will affect the motion of the plasma
leading to deviations from the imposed velocity field. Such ef-
fects can be handled by simultaneously solving the induction
and Navier-Stokes equations. This is a major undertaking and
will not be considered here. In a simplified form such a model
was presented by Campbell (1992). He obtains eigensolutions of
the height averaged, time independent magnetohydrodynamic
equations.

The magnetic field can modify the turbulence and decrease
the efficiency of the a-effect. This phenomenon is customar-
ily described by the so-called a-quenching. Another important
effect is magnetic buoyancy. Because the magnetic field con-
tributes to the total pressure, a region with a strong magnetic
field will be less dense than the surroundings and become buoy-
ant. Magnetic buoyancy will lead to a transport of magnetic flux
along the direction of the effective gravity, i.e. in the vertical di-
rection.

The aim of this section is to provide a few examples of non-
linear effects in accretion disks. We will defer a comprehensive
survey of nonlinear disk dynamos to a future paper.
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Fig. 6. The most easily excited dynamo mode, SO" (steady), for a flared disk with ¢ = (o = 0.15 and an inner edge at @ = 0.15; Model b in
Table 4. The inner border of the grid is located at = 0.05 and is a perfect conductor. 7out /7aisk = 20

g s

DV Jff}’"f[?fr

min = -2, max = 24 min = —43, max = 30

Fig. 7. The most easily excited dynamo mode, SO* (steady), for a truncated flared disk with @y = ¢ = (o = 0.15; Model d in Table 4. The
magnetic diffusivity goes as 23€2 and is normalised such that 7oy /7aisk = 20 at the outer boundary

| N -
=) ) S :
=227 e .

Fig. 8. The most easily excited dynamo mode, SO* (steady), for a flat disk with @y = 0.15, 29 = 0.2; Model e in Table 4. The magnetic diffusivity
goes as w'/? and is normalised such that 7oy /maisk = 10 at the outer boundary
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Table 5. Parameters used as input for nonlinear disk dynamos and the resulting maximal energy, parity and angular frequency. For flaring and
flat disks ¢ = (o and z, respectively, are given. For Models 3 7ais is given by Eq. (13), and for Models 4 and 5 7qisk is proportional to z'/2.
Models 1-4 include a-quenching and Models 5 magnetic buoyancy. An asterisk indicates that a.g or v is a function of zo.

Model @ ¢o 20 Maisk(R) Ca Co aB vB Ig Emax P w

la 0.15 015 - 005 1000000 +400 1.810°° 0 13.62 0.94 0

1b 0.15 015 - 005 1000000 —400 1.8107% 0 12.11  —0.92..0.92 (irreg.)
2a 0.15 015 - 0.05 1000000 +400 1.8107% 0 13.66 0.93 0

2b 0.15 015 - 005 1000000 —400 1.8107% 0 12.01  —0.92..0.91 (irreg.)
3a 0.15 015 - 0.5 1000000 +400 1.810°% 0 13.09 0.95 0

3b 015 015 - 005 1000000 —400 1.810~° 0 1177  —0.91..0.92 (irreg.)
4a 015 - 02 0.1 250000 +200- 1.8107¢ 0 11.82 0.91 0

4b 015 - 02 01 250000 —200 1.8107% 0 10.53  —0.80..0.90 (irreg.)
4c 015 - 02 o1 250000 +200 1.8107%* 0 13.78 0.98 0

4d 015 - 02 01 250000 —200 1.8107%* 0 11.68 —0.83..0.95 (irreg.)
Sa 015 - 02 0.1 1000 +6 0 31073 7.51 1 0

5b 015 - 02 o0l 1000 —-60 0 3107° 5.31 1 1900
5¢c 015 - 02 01 1000 +6 0 31075 * 8.94 1 0

5d 015 - 02 01 1000 —60 0 31077 * 7.21 1 2000

max = 310 min = -3.6e6, max = 1.3e6 min = -3.6e10, max = 9.2e9

Fig. 9. Nonlinear dynamo solution for a disk of uniform thickness with zy = 0.15, 2y = 0.2. The magnetic diffusivity goes as w!/?, Tout /Naisk = 10.
Cq = 250000, C,, =200 and ap = 1.8107 (Model 4a)

5.1. a-quenching to keep our model simple, we assume here an isotropic a-
quenching. It is often taken in the form
Qg
o= —
l+a 332 ’
In general a-quenching is an anisotropic effect, but the theoret- where ap is a measure of the strength of the a-quenching. ap

ical expressions are fairly complicated (e.g. Riidiger & Kichati- can be estimated by assuming that quenching becomes impor-
nov 1993) and not yet well established. Therefore, in order tant when the magnetic energy density becomes comparable

(14)
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Fig. 10. a: The magnetic energy as a function of time for a dynamo
with a-quenching, ag = 1.8107%, C = —200 and Cq = 250000 in
a disk of uniform thickness 2o = 0.2 with its inner edge at zy = 0.13.
The diffusivity in the disk is proportional to w'/? with ou/Taisk = 20.
b: Parity P as a function of time for the same disk dynamo

with the kinetic energy density of the turbulence, that is we
put ap = 1/B2, in dimensional units, where B, = popuy,
and wu, is the rms-velocity of the turbulence. Using again
(topo)"*naisk(R)/ R as the unit for the magnetic field together
with Eq. (13) evaluated at R for ngisk(R), this gives

_ Hopo (naisk(R)/ R)’ _ &E®) (P )_1
ap = -

= : 15
B2, Ma’Pry; \ Do (1)

where &(R) = zo(R)/R, Ma is the Mach number for the turbu-
lence, p the pressure and py denotes the pressure at w = R. Ma
is expected to be of the same order of magnitude as ass.

This a-quenching was introduced in several of our disk
models, both flat and flared. For all these disk models we used
wo = 0.15 and atimestep of 1.25 106, For the flat disks 2o = 0.2
and for the flared ones zp = 0.15. The calculations were per-
formed on a 41 x 81 grid covering the two quadrants in the
meridional plane, so that we were not forced to impose a spe-
cific parity on the magnetic field. The initial magnetic field was
prescribed randomly and was not of a specific parity. The pa-
rameters were chosen to roughly represent the accretion disk
around a stellar mass black hole. Unless otherwise stated we
have assumed a constant a:g. The models are described in de-
tail in Table 5. Model 1 is a flared disk (with constant 7gs)
extending from the z-axis to the outer border of the grid with
the thickness increasing linearly from 0.15 on the axis with a
slope of 0.15. Model 2 is the same flared disk, but the central
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part inside o = 0.15 has been replaced by a vacuum. Model 3 is
also a truncated flared disk, but 75k inside the disk is described
by Eq. (13) normalised as previously. Finally Model 4 is a trun-
cated flat disk similar to the one in Sect. 4.3. By mistake the
dynamo numbers for Model 4 were set to smaller values than
for the other models, but as Model 4 seemed to be more stable
than the other ones, it was decided not to recalculate it. Model 4
¢ and d are similar to a and b, except that ap is proportional to
w? and normalised to 1.8 107 at o = 1. From thin disk theory
we do not expect ap to be able to vary more rapidly than this.

Results of the simulations are presented in Table 5. Epax
denotes the maximal magnetic energy, and P is a continuous
measure of the parity of the field,

E® _ BA)
= ES+E™

(Brandenburg et al. 1989), where E® and E® are the energies
of the antisymmetric and symmetric parts of the magnetic field.
In the cases with C, > 0 the solution tends to settle to a definite
value of P, which is given in Table 5. However in the cases with
C, < 0 the solution kept oscillating rapidly and irregularly in
both P and IgE. In those cases the interval covered by P is given
instead. An interesting behaviour appeared in Models 1aand 2a.
The solutions seem to converge to specific values of E and P,
but suddenly both P and E drop to considerably smaller values.
After a short while, on the order of a tenth of the diffusion time
scale, the solution returned to almost the old position or slightly
above it. This could mean that the model had not yet reached a
steady state, which may be one of much lower P. To investigate
this hypothesis, Model 1a was recalculated starting from a seed
field with P ~ —1. In this case the solution still evolved towards
the same field configuration with P only slightly smaller than
+1.

Some general features of the nonlinear simulations can be
mentioned. A plot of the field of a dynamo with C,, > 0 is
displayed in Fig. 9. The general field structure is practically
independent of the disk model and the structure is roughly the
same as in the linear calculations, but the field is somewhat more
evenly distributed within the disk. The mainly quadrupolar field
has a small dipolar component also, i.e. the parity of the mag-
netic field is mixed. All nonoscillatory mixed parity solutions
known so far show a slow change in P, and we cannot rule out
that the same also happens here. The poloidal field has its max-
imum in the outer part of the disk, which is explained by the
dynamo being more strongly quenched in the inner part of the
disk, where the toroidal field is strong due to the rapid winding
up of the field lines.

For C,, < 0 the field is much more complicated, and appears
to vary chaotically on short time scales. Often the magnetic field
appears to vary on length scales smaller than the half thickness
of the disk, which is assumed to be the relevant mixing length.
This is somewhat worrying, because there are limitations to the
length and time scales, which can be handled by our numerical
code and mean-field theory. Further mean-field theory is not
able to describe variations in the mean field on length scales
smaller than the mixing length.

(16)

© European Southern Observatory ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/cgi-bin/nph-bib_query?1994A%26A...283..677T&amp;db_key=AST

FT992A&A © C 2837 26771

688

Ulf Torkelsson & Axel Brandenburg: Turbulent accretion disk dynamos

max = 3000

min = -4.3e5, max = 4.3e5

.
.
:
.
'
:
:
.
:
:
' 1%
.
' Vo B0 G0
.. M
: S
. N
.
rQ o

min = -7.1e8, max = 7.5e9

Fig. 11. Nonlinear dynamo for a disk of uniform thickness with @y = 0.15, 2 = 0.2. The magnetic diffusivity goes as w!/?, Tout /Naisk = 10.

Caq = 250000, Co = —200 and ap = 1.8 10~¢ (Model 4b)

To investigate the reality of the chaotic solutions, Model 4b
was recalculated with 63 x 127 grid points and a timestep of
810~7. The new solution was chaotic too, with P varying be-
tween —0.92 and 0.82, and 1gE,x = 10.38. Thus it seems safe
to conclude that the numerical code provides a truthful repre-
sentation of the solution. To illustrate the irregular behaviour of
the dynamo mode we plot E and P as functions of time for the
run with higher resolution in Fig. 10. We also present a snapshot
of the magnetic field in Fig. 11.

In Models 4c and d we also studied the effects of using a
variable a g. Because of the strong w-dependence, o p is small
in the inner part of the accretion disk, and thus both the toroidal
and poloidal field attain their maxima in the inner part of the
disk, so that the field distribution is in a sense more similar to
the linear case. The total magnetic energy will increase because
the quenching is effectively reduced. Apart from this we do not
find any significant changes caused by a w-dependence of ag.

5.2. Magnetic buoyancy

It is expected that buoyancy instabilities are important in ac-
cretion disks (e.g. Galeev et al. 1979, Sakimoto & Coroniti
1989). Buoyancy instabilities lead to a transport of magnetic
flux against the direction of effective gravity, i.e. roughly in the
vertical direction. Such a transport can formally be represented

by a velocity term in the induction equation. According to Moss
et al. (1990) this velocity can be expressed as
up =y B’%, an
where v is a parameter describing the strength of the buoyancy.
A nonvanishing drift velocity u g exists only if there is a density
difference A p between the upwards motions of buoyant material
and the associated return flow. Otherwise the return flow would
compensate for the upflow and there would be no net effect.
Furthermore, the drift velocity is proportional to the surface
fraction k covered by the upwards motions times the typical
rms-velocity uy, i.e.
A 2
uB ~ k=L ~ %kutv—‘;‘-. (18)
P Cs

In dimensionless units we find for vp

up/[u] _ -1
g = ﬁ/‘/@ ~ 1kMaPry] assé (R) (p—’o’z—o) . 19)

It is evident from the results for a-quenching that the exact
geometrical shape of the disk is not significant for the dynamo.
Thus all our calculations were done with Model 4 in the pre-
ceding section. We decided to take £ = 0.01, areasonable value
for an accretion disk, Pryy = 1, and Ma = ags = 0.1, a value
used in Sect. 2.2. This gives yg = 3 107>, Because initial ex-
periments suggested that it would be difficult to treat realistic
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max = 650 min = —-13000, max = 6600 min = -2.6e7, max = 5.3e6

Fig. 12. The SO* solution for a dynamo with buoyancy in a disk with z) = 0.2, oo = 0.15. The magnetic diffusivity goes as w'/?, with
Tout/aisk = 10 at the outer boundary. Cq = 1000, Cy, = 6, and y5 = 3 10> (Model 5a)

max = 4000 min = -3900, max = 4900 min = -9.4e7, max = 2.4e7

Fig. 13. The SO~ solution for a dynamo with buoyancy in a disk with zo = 0.2, wo = 0.15. The magnetic diffusivity goes as w'/2, with
Tout/Taisk = 10 at the outer boundary. Cq = 1000, C = —60, and v5 = 310~ (Model 5b)
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values of v and the dynamo numbers simultaneously, we took
dynamo numbers that were roughly twice the critical values,
ie. Cp = —60, and C, = 6, respectively, and in both cases
Cq = 1000. The most essential parameters and results for these
models are presented as Model 5 in Table 5. Models 5a and b
are calculated with a constant yg, whereas Models 5¢ and d
assumes that v o w?, which is roughly what is expected for
a thin accretion disk, and then «p is normalised to its tabular
value at w = R. We first discuss models with a constant vp.

For positive dynamo numbers the general behaviour is sim-
ilar to the linear case, that is the solution is quadrupolar and
steady, but a considerable amount of toroidal flux is present in
the surroundings of the disk (Fig. 12). This is caused by the
buoyancy effect and is only possible when the diffusivity is still
finite in the surrounding medium. An interesting detail is that the
magnetic field grows at a steady rate initially, but then the field
grows much more rapidly for a short time before the dynamo
saturates. This later increase in growth rate is caused by the on-
set of magnetic buoyancy. The magnetic buoyancy transports
the magnetic field from the equator to regions with a stronger
a-effect, where the magnetic field is subsequently amplified (cf.
Brandenburg et al. 1993).

More dramatical changes are found for a negative C,,. The
solution is oscillatory in both energy and parity, but the oscilla-
tion in parity is damped and tends to approach P = 1. The field
structure is displayed in Fig. 13. Note that the dynamo action is
concentrated to two regions at the inner edge of the disk, close
to the upper and lower surfaces of the disk.

We did not find any significant qualitative changes when
we introduced a w-dependent yg. The main difference is an
increase in the magnetic energy, because g is effectively de-
creased.

6. Discussion

Many accretion disks can be described satisfactorily by the the-
ory of thin accretion disks. Such disks are much thinner and
have a much larger radial extent than what we can reproduce
in our model. This is true in particular for accretion disks in
protostellar objects and active galactic nuclei, where the size of
the disk is not determined by the size of the binary. Of course
there are also theoretical models for thick accretion disks (e.g.
Abramowicz et al. 1980), but the disk shape that we employed
does not resemble a thick disk. One might argue that we have
simulated only the innermost part of a thin disk, but then it be-
comes questionable to assume vacuum boundary conditions at
the outer border of the grid.

The aim of this paper has not been to model the magnetic
field of a real accretion disk, but merely to demonstrate in an
approximate manner the viability of dynamo action in an ac-
cretion disk, and to provide a few guidelines to the qualitative
behaviour of a disk dynamo. We find that the strongest fields
will build up where the gradient of the angular velocity is the
strongest, which will always be in the innermost part of the disk,
and we expect that this part of the field will be only weakly af-
fected by the outer boundary conditions. Thus, our models can

Ulf Torkelsson & Axel Brandenburg: Turbulent accretion disk dynamos

be applied to those regions where the magnetic field strength
attains its maximum, but we are unable to make any predictions
about the magnetic field further out in the accretion disk cor-
responding, for instance, to where the carbonaceous chondrites
formed in the solar nebula (Levy 1978).

6.1. Turbulence and the a-effect

In this paper we have assumed the simplest form of the a-effect,
that is isotropic and so affects the magnetic field to the same
degree in all directions. There are calculations hinting at an
anisotropic a-effect. For example Vishniac et al. (1990) and
Vishniac & Diamond (1992) found strong anisotropies in the
case where the a-effect is caused by internal waves. Riidiger
(1990) found another type of anisotropy in the case of turbu-
lence in a galactic disk. The a-effect normally results in a pos-
itive value for C,, although exceptions are conceivable. From
the presented simulations it is clear that the dynamo will change
character completely if C, < 0. It is also worth mentioning the
phenomenological disk dynamo presented by Tout & Pringle
(1992), that employs different physical mechanisms for gener-
ating the three components of the magnetic field. The Balbus-
Hawley instability (Balbus & Hawley 1991) generates the radial
field, buoyancy is the source of the vertical field, and shearing
motion produces the toroidal field. Such a model is intrinsi-
cally anisotropic. Thus it may be possible that the detailed be-
haviour of magnetohydrodynamic turbulence in accretion disks
may change the character of the dynamo, and farther study of
this problem is therefore essential.

6.2. Angular momentum transport

It is widely believed that some unknown type of turbulent vis-
cosity is responsible for the transport of angular momentum in
accretion disks, but so far no model of this turbulence has gained
widespread acceptance. The main problem appears to be that
this viscosity is assumed to be due to a microscopic hydrody-
namic or magnetohydrodynamic process, which is difficult to
model in a realistic way. On the other hand some authors have
suggested that macroscopic processes may be responsible for
the angular momentum transport, e.g. spiral density waves, and
magnetohydrodynamic outflows exerting a torque on the disk
(e.g. Blandford & Payne 1982).

Stepinski & Levy (1990a) calculated the torque that a dipo-
lar magnetic field generated by a mean-field dynamo would
exert on a disk and concluded that it would be able to transport
the angular momentum outwards. In this paper we have calcu-
lated the torque in the same way as Stepinski & Levy, but we
have extended the calculations to include quadrupolar dynamo
solutions and solutions of mixed parity. In general we find a
stronger negative torque in a quadrupolar field. Riidiger et al.
(1993) have found a similar effect for a magnetic field of even
parity in a galactic disk. For a dipolar magnetic field it is more
complicated. From our numerical simulations it is clear that
such a field will generate regions with both positive and nega-
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average stress

0.2

Fig. 14. Vertical averages of the r, ¢-components of the magnetic
and viscous stress tensors (dotted and solid lines, respectively) for
Model 4a (a-quenching) and Model 5a (magnetic buoyancy)

tive torques, whereas Riidiger et al. (1993) found that a dipolar
field would mainly achieve excretion in a galactic disk.

It is of considerable interest to compare the viscous and
magnetic torques acting in the accretion disk. Because of the
oversimplified nature of our disk model it is difficult to do this
with any certainty, but a few general trends can be found. A
simple way to estimate the importance of the magnetic torque
is to compare vertical averages of the 7, ¢-components of the
magnetic and viscous stress tensors. Assuming Pry = 1, we
find that for Model 4a (5a) this ratio is around 30 (100), i.e.
magnetic fields would indeed be responsible for driving the ac-
cretion (Fig. 14). (We were unable to attain realistic dynamo
numbers for Model 5a, which causes too small values for the
average stress in the case with magnetic buoyancy.) One can
also express the magnetic torque in terms of the corresponding
ass. Estimates for agg® = 7 /(pw) typically lead to values larger
than unity, indicating that the magnetic pressure exceeds the or-
dinary pressure and that magnetic buoyancy will be important.
Clearly, this result is model dependent and sensitive to all in-
put parameters. Finally, one should emphasise that we have not
included the contribution from the fluctuating magnetic field,
which is at least comparable to, or may even exceed, the mean
magnetic field (see Pudritz 1981).

6.3. Generation of jets

One of the most popular scenarios for collimated outflows from
accretion disks is that they are magnetohydrodynamic winds,
which become collimated due to the magnetic field frozen into
them (for a review see Blandford 1989). In general these models
have assumed a dipole field in the disk. This was also assumed
by Yoshizawa & Yokoi (1993) who recently presented a model
including both a dynamo and a jet. As is evident from our calcu-
lations, accretion disks are more likely to possess quadrupolar
fields, or perhaps dipolar fields with structure immensely more
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complex than the classical dipole field. Some authors (e.g. Wang
et al. 1990, 1992) have actually considered generation of jets in
quadrupolar fields, or even in fields of mixed parity. It turns out
that it is possible to generate magnetohydrodynamic jets even in
those cases, but the mechanism is less efficient, and the result-
ing jets are less energetic than for a dipole field. An interesting
possibility is that in some cases the two jets may be of unequal
strength. This is often seen in the outflows from active galac-
tic nuclei, and is normally explained as a relativistic beaming
effect.

6.4. Magnetically induced variability

The effects of the solar dynamo are most prominently seen in
the 11 year sunspot cycle. Based on our results, it is unlikely that
a similar mechanism will occur in an accretion disk, as the most
easily excited mode is a steady quadrupolar mode. However this
does not exclude magnetic variability in an accretion disk, as
most of the activity we see on the sun is not connected to the
mean-field, but to the fluctuating field, which is only included
implicitly in our simulations.

On the other hand it is evident from our simulations that with
C,, < 0, which is less likely to occur, the mean magnetic field
will fluctuate rapidly and irregularly on time scales as short as
a hundredth of a diffusion time. Such fluctuations may give rise
to observable variability, but we refrain from discussing pos-
sible manifestations of this variability because this would re-
quire a more detailed knowledge of the interaction between the
magnetic field and the disk. Similar types of chaotic behaviour
have only recently been found for a two-dimensional dynamo
in a torus geometry (Brooke & Moss 1993). The physical sig-
nificance of such chaotic solutions is somewhat questionable,
because the length scale of the mean magnetic field is much
smaller than the thickness of the disk. This leads to a prob-
lem because in order for mean-field theory to be applicable, the
length scale of the mean magnetic field is assumed to be much
larger than that of the turbulent motion.

7. Conclusions

With reasonable estimates of the strength of turbulence in an
accretion disk, there will be dynamo action in accretion disks
leading to the build up of magnetic fields. For a thin disk it is
expected that the magnetic field will be quadrupolar, although
this conclusion is to some extent dependent upon the properties
of the turbulence. The quadrupolar field exerts a torque on the
disk and can be able to drive the accretion. In our nonlinear
calculations we find two types of behaviour for dynamos with
a-quenching depending on the sign of Cy. For C,, > 0, the
dynamo behaves roughly like in the linear case, but the field de-
viates slightly from a pure quadrupolar one, i.e. 0.9 < P < 1.
On the other hand for C,, < 0 the mean magnetic field fluctuates
irregularly in both 1gE and P. Introducing magnetic buoyancy
in a model without a-quenching we find that the general be-
haviour of the dynamo is preserved, but that the distribution of
the magnetic field is affected. For C, < 0 the magnetic field is
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concentrated in two regions close to the upper and lower surfaces
of the disk, where both the differential rotation and the a-effect
is strongest. For C,, > 0 there is an accumulation of toroidal
flux outside the disk. However we believe that the second effect
at least to some extent is caused by a too low diffusivity ratio
Tout /Mdisk in our simulations.

Future improvements to our model might include modelling
a significantly thinner disk, by either using a nonuniform spher-
ical grid or by working in cylindrical coordinates. Furthermore,
because of the close coupling between the magnetic field, the
angular momentum transport, and the energy production in ac-
cretion disks, it is necessary to take hydrodynamical and ther-
modynamical effects into account. It must also be stressed that
there is no point in performing very elaborate mean-field cal-
culations as long as we do not have a firm understanding of
the microscopic turbulent processes working in the accretion
disk. It cannot be ordinary convective turbulence, and in many
cases convection, if it exists at all, might not carry very much
heat (Shakura et al. 1978), but the turbulence might be vigor-
ous and thus important for the dynamo. A possible model for
the origin of the turbulence has been suggested by Balbus &
Hawley (1991), and Hawley & Balbus (1991, 1992) have pre-
sented two-dimensional simulations of the nonlinear evolution
(but see Knobloch 1992). Clearly, more work on this topic is
needed, both analytical and numerical.
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